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Abstract
We construct several families of genus embeddings of near-complete graphs using
index 2 current graphs. In particular, we give the first known minimum genus em-
beddings of certain families of octahedral graphs, solving a longstanding conjecture of
Jungerman and Ringel, and Hamiltonian cycle complements, making partial progress
on a problem of White. Index 2 current graphs are also applied to various cases of the
Map Color Theorem, in some cases yielding significantly simpler solutions, e.g., the
nonorientable genus of K12s+8 − K2. We give a complete description of the method,
originally due to Jungerman, from which all these results were obtained.
1 Introduction
The theory of current graphs is instrumental in proving the Map Color Theorem [Rin74] as
it allows one to simply generate triangular embeddings of dense graphs. The genus of the
complete graphs Kn splits up into twelve “Cases,” one for each residue n mod 12, and each
of these Cases are tackled with a specially tailored family of current graphs. Current graphs
are edge-labeled graphs embedded in a surface, and one fundamental parameter is the index,
i.e., the number of faces in the embedding.
Ringel and Youngs [RY69] attempted to use index 2 current graphs to solve Cases 2
and 9, giving half of the solution for each. Another incomplete approach for these cases
investigated by Jungerman (see Ringel [Rin74, §8.4]) was to look for “orientable cascades,”
current graphs embedded in nonorientable surfaces whose derived embeddings are actually
orientable. Jungerman [Jun75b] gave the first complete construction for orientable triangular
embeddings of K12s+2 −K2 using his ideas originating in the context of orientable cascades.
Our goal is to thoroughly analyze Jungerman’s technique, which we call Jungerman ladders,
and then apply it to a variety of graph families.
We prove a 40 year old conjecture of Jungerman and Ringel [JR78] on the genus of certain
octahedral graphs and resolve a special case of White’s question on the genus of Kn − Cn,
which we call the Hamiltonian cycle complement graphs.
Several cases of the original Map Color Theorem are given improved or alternate solutions.
We give a cleaner index 2 solution for K12s+2−K2 compared to the current graphs of Ringel,
Youngs, and Jungerman [RY69, Jun75b]. We also exhibit the first complete index 2 solution
for K12s+4, which was previously announced by Gustin [Gus63] but no details were provided
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except for an erroneous example. Our solution generalizes the index 2 current graph for K4
for all even s, solving a problem of Ringel [Rin74, p.149].
Perhaps the most drastic improvement along these lines is for nonorientable triangular
embeddings of K12s+8 − K2, which Ringel [Rin74, p.88] regarded as “probably very diffi-
cult” to find. By combining Jungerman ladders with an idea from the complex solution of
Korzhik [Kor95], we obtain a straightforward index 2 construction for this problem.
Finally, we mention two other constructions that arose from the theory of orientable
cascades and index 2 current graphs: new genus embeddings of K13 and K18. No current
graph solutions were previously known for these two special cases.
2 Graph embeddings in surfaces
For more information on embeddings in surfaces, see Gross and Tucker [GT87], especially
§3.2, or Ringel [Rin74].
Let G be an undirected graph with vertex set V (G) and edge set E(G). We arbitrarily
orient each of the edges in E(G) so that each edge e induces two arcs e+ and e− with opposite
orientations. We write E(G)+ to denote the set of these arcs. A rotation of v is a cyclic
permutation of the arcs directed out of v, and a (pure) rotation system of the graph G is an
assignment of rotations to each of its vertices. An embedding φ : G→ S of G in some surface
S is cellular if the complement of its image S\φ(G) decomposes into a disjoint union of disks
F (G, φ), which we call faces. Pure rotation systems are in one-to-one correspondence with,
up to homeomorphism of pairs, cellular embeddings of graphs in orientable surfaces, where
the boundaries of the faces can be traced out from interpreting rotations as, say, clockwise
orderings of the arcs with respect to some orientation of the surface S. That is, as we are
tracing a face boundary and we encounter a vertex, we pick the next outgoing arc in the
(clockwise) rotation at that vertex.
To extend this combinatorial description of embeddings to nonorientable surfaces, we
assign a signature to each of the edges. Each edge is either of type 0 or type 1. While
traversing a face boundary, if we encounter a type 1 edge, the local orientation becomes
reversed, and we choose all future outgoing arcs based on the counterclockwise ordering at
the vertex until we encounter another type 1 edge. We say that the traversal is in normal
behavior if we choose the clockwise order at the next vertex, and reverse behavior otherwise.
These two types of behaviors indicates that edges can possibly be traversed twice in the
same direction. When this happens, we say that an edge is one-way and exactly one of the
two partial circuits incident with the edge is in reverse behavior. Otherwise, the edge is
said to be two-way, and the partial circuits have the same behavior. A pure rotation system
in this language is thus a rotation system where every edge is type 0, and all the edges
are subsequently two-way. Different general rotation systems may be equivalent with one
another, and even ones with type 1 edges may correspond to an embedding in an orientable
surface.
Cellular embeddings in surfaces are governed by the Euler polyhedral equation
|V (G)| − |E(G)|+ |F (G, φ)| = χ(S),
where χ(S) denotes the Euler characteristic of the surface. The Euler characteristic of the
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orientable surface of genus g is 2 − 2g, and the Euler characteristic of the nonorientable
surface of genus k is 2 − k. The minimum orientable (resp. nonorientable) genus γ(G)
(resp. γ(G)) of a graph G is the minimum genus over all embeddings in orientable (resp.
nonorientable) surfaces. From the Euler polyhedral equation, one can derive the Euler lower
bound, which states that for a simple graph G,
γ(G) ≥
⌈ |E(G)| − 3|V (G)|+ 6
6
⌉
, γ(G) ≥
⌈ |E(G)| − 3|V (G)|+ 6
3
⌉
,
where equality is attained for a triangular embedding, i.e., where all faces are of length 3.
Triangular embeddings feature heavily in calculating the minimum genus of dense graphs:
the Map Color Theorem of Ringel, Youngs, et al. boils down to the statement that the genus
of the complete graphs Kn attains this lower bound except for the nonorientable genus of
K7, i.e., that the orientable and nonorientable genus satisfies
γ(Kn) =
⌈
(n− 3)(n− 4)
12
⌉
for all n ≥ 3, and
γ(Kn) ≥
⌈
(n− 3)(n− 4)
6
⌉
for all n ≥ 3, n 6= 7.
2.1 Current graphs
A current graph (G, φ, α) consists of a graph G with a cellular embedding φ : G→ S and a
labeling α : E(G)+ → Γ of the arcs of G with elements from a group Γ. We refer to edge
labels as currents and the group Γ as the current group. In all of our current graphs, we take
Γ to be some cyclic group Z2m of even order, so it is meaningful to refer to the even and odd
elements of this group. The edge labeling α needs to satisfy the following properties:
• For all edges e of type 0, α(e+) = −α(e−).
• For all edges e of type 1, α(e+) = α(e−).
We depict type 0 edges by choosing one of its orientations and drawing it as a directed
arc. Type 1 edges, on the other hand, are depicted as “broken” with two arrows pointing in
opposite directions.
The index of a current graph is the number of faces in its embedding, and we label the
face boundaries, which we call circuits, [0], [1], . . . , [i − 1], where i is the index. We restrict
ourselves to index 1 and 2 current graphs. Each circuit can be described by a cyclic sequence
of arcs and its log replaces those arcs in the following manner: if the face boundary walk
is in normal behavior, replace the arc e+ with its current α(e+); otherwise, replace it with
−α(e+). Some of the face corners of the embedding may be labeled, so optionally the log
may include such labels where they are encountered. Formally speaking, these labels merely
serve as markers for nontriangular faces and do not appear in the derived embedding—they
eventually correspond to actual vertices after subdividing long faces.
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We define the circulant graph C(n, S) to be the Cayley graph on Zn with generating
set S, i.e., it is the graph with vertex set Zn and edge set {(u, v) | |u − v| ∈ S}, where
S ⊆ Zn \ {0}. We define the following families of graphs using this definition:
• The complete graphs Kn ∼= C(n, {1, . . . , bn/2c}.
• The octahedral graphs O2n ∼= C(2n, {1, . . . , n−1}).
• The Hamiltonian cycle complements Kn − Cn ∼= C(n, {2, . . . , bn/2c}).
The excess of a vertex v is the sum of the currents on the arcs directed into v, and when
the excess is 0, we say that v satisfies Kirchhoff’s current law (KCL). The faces in the derived
embedding corresponding to v have lengths which are related to its excess (see Theorem 4.4.1
of Gross and Tucker [GT87]), so if we are looking for a mostly triangular embedding, we
need many vertices of degree 3 satisfying KCL. In particular, suppose we wish to find a
near-genus embedding of the circulant graph C(2m,S). Our primary approach will be to
search for index 2 current graphs (G, φ, α) satisfying the following “construction principles”:
(O1) Each vertex of G has degree at most 3.
(O2) The log of each circuit contains each element of {±s | s ∈ S} exactly once.
(O3) Every vertex of degree 3 satisfies KCL.
(O4) The current incident with an unlabeled degree 1 vertex is of order 2 or 3 in Z2m.
(O5) Every other vertex not satisfying KCL is one of the vortex types (V1) and (V2) de-
scribed below.
(O6) An arc is traversed twice by the same circuit if and only if its current is even.
If the generating set S of the circulant graph contains the order 2 element m ∈ Z2m,
then it could appear twice in the log of a circuit. When it appears as a current of an edge
incident with a degree 1 vertex, we condense those two consecutive instances into one. In our
drawings, this convention is emphasized by the fact that the corresponding degree 1 vertex
is omitted.
Construction principle (O5) states that at the vertices of degree 1 and 2, we allow nonzero
excesses besides those in principle (O4). Such vertices are called vortices, and we make use
of the following vortex types:
(V1) The vortex is of degree 2, the outgoing arcs are both odd, and its excess generates the
subgroup of even elements.
(V2) The vortex is of degree 1 and its excess generates the subgroup of even elements.
4
2 3 3 2
4 1 5 4
6
6
5 1
x0 x1
Z12
Figure 1: An index 2 current graph, where solid and hollow vertices represent clockwise and
counterclockwise rotations, respectively.
For each such vortex, we label its incident face corners with the same letter, possibly
with subscript. The current graph in Figure 1 satisfies the above construction principles and
has two vortices of type (V2). Its logs are:
[0]. 10 x0 2 9 3 1 5 6 11 4 8 7
[1]. 2 x1 10 9 6 3 5 1 7 8 4 11
When the current graph’s embedding φ is in an orientable surface, the derived embedding
will also be orientable. In one family of current graphs (Section 5.3), the embedding is in a
nonorientable surface. Fortunately, no change is needed for the above construction principles
(see Korzhik [Kor95]).
Generating the rotation system of the derived embedding for index 2 current graphs
proceeds in the following “additive” manner: to generate the rotation at vertex k, add k to
each element of the log of [k mod 2]. The derived embedding has mostly triangular faces,
but the two vortices generate two 6-sided faces, as that is the order of the even subgroup of
Z12. We subdivide each of those faces with a vertex with the same label as the vortex. The
result is the following triangular embedding:
0. 10 x0 2 9 3 1 5 6 11 4 8 7
1. 3 x1 11 10 7 4 6 2 8 9 5 0
2. 0 x0 4 11 5 3 7 8 1 6 10 9
3. 5 x1 1 0 9 6 8 4 10 11 7 2
4. 2 x0 6 1 7 5 9 10 3 8 0 11
5. 7 x1 3 2 11 8 10 6 0 1 9 4
6. 4 x0 8 3 9 7 11 0 5 10 2 1
7. 9 x1 5 4 1 10 0 8 2 3 11 6
8. 6 x0 10 5 11 9 1 2 7 0 4 3
9. 11 x1 7 6 3 0 2 10 4 5 1 8
10. 8 x0 0 7 1 11 3 4 9 2 6 5
11. 1 x1 9 8 5 2 4 0 6 7 3 10
x0. 0 10 8 6 4 2
x1. 1 3 5 7 9 11
The genus of this embedding is 7, so with one additional handle, we can add in the edge
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(x0, x1) and contract it, yielding a genus embedding of K13.
Remark. We found a generalization of Figure 1 for producing genus embeddings of K12s+1,
s ≥ 2, but in light of simpler constructions (see Sun [Sun18] or Ringel [Rin74, §6.3]), we
omit the construction.
We say that an index 1 current graph embedded in a nonorientable surface is an orientable
cascade if it satisfies construction principles (O1)-(O5) and the following analogue of (O6):
(N6) An arc is one-way if and only if the current on the arc is odd.
Orientable cascades were first introduced in detail in Jungerman and Ringel [JR78], and
in a later paper [JR80], the same authors gave an example of an orientable cascade with
a type (V1) vortex. Unlike in the case of index 2 current graphs, vortices of type (V1)
each produce two Hamiltonian faces. For this reason we label each face corner incident with
the vortex with a different letter. When there are no vortices of type (V2), the derived
embedding is of the graph C(n, S) +K2m, where m is the number of type (V1) vortices and
G+H denotes the graph join of G and H.
The log of the orientable cascade in Figure 2 is
[0]. 1 10 18 20 13 8 14 15 17 4 22 7 11 . . .
19 y 21 z 23 9 2 6 16 5 w 3 x
9
11
6
1
5
8
10
37
4
2
w
x
y
z
Z24
Figure 2: An orientable cascade with two vortices, yielding a triangular embedding of O24 +
K4 on an orientable surface.
We follow the convention where all face corners traversed in reverse behavior are marked
with dots. The derived embedding is actually orientable, which can be seen from reversing
the orientation at every odd-numbered vertex. For example, the rotation at vertex 1, after
subdividing the four Hamiltonian faces, becomes:
1. z 4 y 6 17 7 3 10 0 x 22 w 20 . . .
12 8 23 5 18 16 15 9 14 21 19 11 2
Specific to index 1 current graphs is that for vortices of type (V1), the positions of the sub-
division vertices have swapped for all the odd-numbered rotations. The resulting embedding
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of the graph O24 + K4 is triangular and orientable, and in Section 4, we show to how to
transform it into an orientable genus embedding of O28.
The fact that the rotations for the odd vertices can be obtained via the rotation at
vertex 1, without any orientation-reversing, suggests that orientable cascades can be viewed
as simply a symmetric index 2 current graph, and indeed, Jungerman [Jun75b] makes this
connection in designing index 2 current graphs for triangular embeddings of K12s+2−K2. In
the remainder of this paper, we describe Jungerman’s technique for both orientable cascades
and index 2 current graphs and apply it to several families of graphs.
3 Jungerman ladders
We start by considering Jungerman’s technique in the case of orientable cascades. A typical
trick for creating general families of current graphs is to include a ladder of varying length,
such as the ones in Figure 3, where there are four partial circuits that start at one end of the
ladder and end at the other end. The vertical arcs are referred to as rungs and the horizontal
arcs are divided into top and bottom horizontals. We restrict ourselves to the following types
of solutions:
• Exactly one of the leftmost top or bottom horizontals is odd.
• KCL is satisfied at each vertex in the ladder.
• All edges are of type 0.
Figure 3: A ladder with four partial circuits, with one traced out completely.
If the first two properties are satisfied, there will be a path of edges with odd currents
that run through the entire length of the ladder. Furthermore, the first and third properties
guarantees that either 1 or 3 of the incoming partial circuits are of normal behavior, and none
of the circuits change behavior in the middle of the ladder. Thus, depending on exactly how
the circuits enter the ladder, there is a unique assignment of the rotations at the ladder’s
vertices so that construction principle (N6) is satisfied within the ladder. An example of
such a configuration is given in Figure 4.
In all of our constructions, the rungs will be assigned an arithmetic sequence with odd
increment, so the rotations at those vertices will have a repeating checkerboard-like pattern1.
In particular, we find families of current graphs parameterized by integer values s that contain
Jungerman ladders whose lengths depend on s. When the order of the current group is of
1Jungerman [Jun75a] also used ladders where the rungs were all even, leading to a different pattern for
the rotations.
7
4 7 13 1 10
5 8 14 2 11
3 6 12 9
Figure 4: An example of a small Jungerman ladder highlighting the path of odd elements.
the form 12s±`0, for some fixed `0, we choose the length of these ladders to be on the order
2s±`1, for some fixed `1, so that they subsume all but a constant number of elements from
the current group. We introduce a shorthand in Figure 5 where the appropriate Jungerman
ladder for a specific value of s can be constructed unambiguously by replacing the ellipses
with a set number of rungs corresponding to the length of the arithmetic sequence. As we
move from left to right, the increment in the arithmetic sequence of currents assigned to the
rungs is the boxed number, the orientations of the rungs alternate, and the rotations are
determined by the aforementioned path of odd currents. The smallest integer s for which
such a ladder exists, as seen in the second example in Figure 5, is the one which causes the
left- and right-hand sides to coincide, creating a ladder with 0 rungs.
7 3s−2
8 3s−1
6s−9 12
7
8
7 22 10
8 23 11
15 12
7 6s−2 3s+10 3s−2
8 6s−1 3s+11 3s−1
6s−9 6s−6 15 12
s ≥ 3
s = 3
s = 4
s ≥ 5
−3
−3
Figure 5: A typical family of Jungerman ladders. The picture for s ≥ 3 succinctly describes
all the drawings below it.
8
An example of an infinite family of orientable cascades using a Jungerman ladder is shown
in Figure 6. These current graphs generate orientable triangular embeddings of K12s+4 for
even values of s. For odd values of s, we note that construction principle (N6) is not satisfied.
As mentioned previously, orientable cascades can be interpreted as special kinds of index 2
current graphs. In our example for Case 4 of the Map Color Theorem, the “double-cover”
index 2 current graphs in Figure 7 produce the same embedding. The Jungerman ladder
has been duplicated, where one laddder has all its current assignments reversed. Thus, this
technique also applies naturally to the more general space of index 2 constructions. We note
that this family of current graphs for all even values of s partially resolves a problem in
Ringel [Rin74, p.149] of generalizing the index 2 current graph for s = 0.
1 13 4 10
7
8
5112
12 9 6 3
1
14
A
A
A
A
A
A
1
1
2
−3
6s+2
s = 2
s = 0
1
3s+1
1
3s+2
36s
Z12s+4
Figure 6: Orientable cascades for K12s+4, s even, with the two smallest graphs drawn explic-
itly. The two open-ended arcs labeled “A” represent the same edge, segmented for clarity.
In general we observe the following phenomenon: solutions involving index 2 current
graphs typically need two distinct families of current graphs, one for each parity of s. For
a Jungerman ladder assigned with checkerboard-like rotations, the behaviors of the partial
circuits repeat only every four rungs, which corresponds to s increasing by 2. Some of these
families can actually be represented by orientable cascades—in a sequel we will prove that
for certain families of circulant graphs, orientable cascades can only exist for at most one
parity of s.
4 Irregular octahedra
Recall that the octahedral graph O2n is the complete graph K2n minus a perfect matching. We
deviate from usual convention (which would refer to this graph simply as On) to emphasize
9
13s+1
3s+1
1
3s+2
3s+2
3s+2
3s+2
6s 3
6s3
A
A
B
B
6s+2
6s+2
−3
+3
Figure 7: A “double cover” of Figure 6.
the number of vertices rather than the “dimension” of the octahedron. The Euler lower
bound of the genus of these graphs is
γ(O2n) ≥
⌈
(n− 1)(n− 3)
3
⌉
.
Jungerman and Ringel [JR78] used orientable cascades to construct triangular embeddings
for n 6≡ 2 (mod 3) and conjectured that for the remaining octahedral graphs, their genus
matches the Euler lower bound. We solve this longstanding conjecture, primarily through
orientable cascades with vortices. Thus the genus of the octahedral graphs can be computed
largely using one unified approach.
Theorem 4.1.
γ(O2n) =
⌈
(n− 1)(n− 3)
3
⌉
for n ≡ 2 (mod 3).
Proof. For n sufficiently large, we start with a triangular embedding of O2n−4 + K4 and
use one handle to supply the missing edges. For the smallest two cases, namely when
2n = 4, 10, these embeddings do not exist (the latter case is mentioned by Ellingham and
Schroeder [ES14]), but there are more direct embeddings. O4 is just the 4-cycle C4, which is
certainly planar. A genus embedding of O10 can be found by deleting two additional edges
from the triangular embedding of K10 − 3K2 in Appendix B. The construction of the latter
embedding is due to J. L. Gross (personal communication).
O2n−4 can be described as a circulant graph, so we attempt to find an embedding for it
using orientable cascades. In particular, we want the embedding to be triangular except for
four Hamiltonian faces that arise from vortices. We subdivide each of those faces with new
vertices labeled w, x, y, z. To obtain a genus embedding of the octahedral graph O2n, we add
the edges of a 4-cycle in the subdivision vertices using one handle.
The orientable cascades for 2n ≥ 28 are shown in Figures 2, 8, 9, and 10. We note that
in Figure 10, the two families essentially differ in just the rotations at three vertices. For
10
212
10
9 8
5
13
7
3
1
4
14
6
11
y
z
w
x
Z30
(a)
15
13
6
10
2 7
8
5
3
1
11
4
14
9 12
17 16
w
y
x
z
Z36
(b)
Figure 8: Orientable cascades for O30 +K4 (a) and O36 +K4 (b).
the two remaining small cases 2n = 16, 22, we found other embeddings (see Appendix B)
via exhaustive search.
Transforming these triangular embeddings of O2n−4 + K4 into genus embeddings of O2n
will proceed in a similar fashion in all cases. The rotation at vertex 0 for all of these
embeddings is of the form:
0. . . . w 3 x . . . y −3 z . . .
After deleting the edges (0, 3) and (0,−3), the edges (w, x) and (y, z) are added in the
resulting quadrilateral faces, as shown in Figure 11(a). For 2n ≥ 28, the rotations at vertices
−6 and x are of the form
−6. . . . 3 −4 0 . . .
x. . . . −6 −3 −4 . . .
Using this fact, we initiate a sequence of edge flips, starting with the edge (−3, x), to regain
the edge (0, 3), as seen in Figure 11(b). One can check that the sequences of edge flips
starting from (−3, x) in the embeddings of O12 + K4 and O18 + K4 in Appendix B also
restore the edge (0, 3).
11
6s−9 12−3
3
5
1
6
4
2
7 3s−2
6s+2
8 3s−1
3s+7
3s+5
3s+1
6s−3
3s+8
3s+4
3s+2
6s+1
6s−6 6s
9
Z12s+6
w
y
x
z
(a)
3
5
1
6
4
2
3s+77 3s−2
8 3s−1
3s+5
6s
3s+4
6s−9 12
6s+1
9
6s−6
6s+2
3s+1
6s−3
3s+2
3s+8
Z12s+6
−3w
y
x
z
(b)
Figure 9: Orientable cascades for O12s+6 +K4 for odd (a) and even (b) values of s, s ≥ 3.
Finally, Figure 11(c) shows how with one handle, one can add the new edges (x, z) and
(w, y), and reinsert the deleted edges (0,−3) and (x,−3). The final embedding is of the
octahedral graph O2n and achieves the Euler lower bound.
12
3s−2
3s−2
6s−12 15
3
5
1
6
2
4
3s+2
6s−2 6s−6 3s−1 3s+5 3s+1 6s−9
6s−1 6s−33s−43s+4
3s+7
7 3s−5
6s−4 3s+8
9
12
A
A
Z12s
−3w
y
x
z
(a)
3s−2
3s−2
6s−12 15
3
5
1
6
2
4
3s+2
6s−2 6s−6 3s−1 3s+5 3s+1 6s−9
6s−1 6s−33s−43s+4
3s+7
7 3s−5
6s−4 3s+8
9
12
A
A
Z12s
−3w
y
x
z
(b)
Figure 10: Orientable cascades for O12s +K4 for even (a) and odd (b) values of s, s ≥ 4.
5 Families of index 2 current graphs
5.1 Regular Hamiltonian cycle complements
An open problem of White [Arc95] asks for the genus of the complete graph minus a Hamil-
tonian cycle, which one might conjecture to be equal to its Euler lower bound
γ(Kn − Cn) ≥
⌈
n2 − 9n+ 12
12
⌉
except for finitely many values of n. A triangular embedding is only possible when n ≡ 0, 9
(mod 12), and these embeddings were constructed for the n ≡ 9 (mod 12) case by Gross
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w
3
x
y
−3
z
0 ······ ⇒
w
3
x
y
−3
z
0
(a)
x
−4
−3
−6
−6
0
−4
3
(b)
−3
z
y
0
x
w
(c)
Figure 11: Some local modifications near vertex 0 (a), edge flips to replace one of the missing
edges (b), and a handle connecting the two shaded faces that restores all the remaining edges
(c).
and Alpert [GA73]. We solve the remaining regular case, K12s − C12s, using Figures 12 and
13 for s ≥ 2. The currents 1 and −1 are missing from both circuits, so in the derived graph,
the absent edges form the missing Hamiltonian cycle. An orientable triangular embedding
of the remaining case, s = 1, is given in Appendix B.
6s−9 6
2
6s−6
5
4
3s−1
3s−2
3s+2
6s−3 3
6s
2
6s−6
5
4
6s−96
3s−2
3s−1
3s+2
6s
6s−2
6s−2
3s+1 3s+1
6s−1 6s−1
3 6s−3
Z12s
−3
+3
Figure 12: K12s − C12s, s even.
5.2 K12s+4, s odd
In Section 3, we presented a family of orientable cascades for K12s+4 where s is even. The
family of current graphs in Figure 14 completes the construction for all odd s, giving a
complete index 2 solution using a cyclic current group. The only other published solution,
due to Terry et al. [TWY70] used the group Z2 × Z6s+2.
14
3s−1 5
3s+4 6s−2
26 9 6s−66s−3
3
3s+2
5 3s−1
6s−2 3s+4
696s−62
3s+2
6s−3
3s+1 3s+1
3s−23s+5
3
6s
6s
3s−2
3s+5
−3
+3
Z12s
Figure 13: K12s − C12s, s odd, s ≥ 3.
3s+1
6s
6s+1
3
3s+2
2
1
3s−1
3s−2
3s−2
3s−1
3
3s+1
3s+2
2
1
6s
6s+1
6s+2
6s+2
6s−3 6
6s−36
−3
+3
Z12s+4
Figure 14: K12s+4, s odd.
5.3 K12s+8 −K2, non-orientable
The original proof of the Map Color Theorem for nonorientable surfaces [Rin74, p.142]
tackled Case 8 with an elegant solution involving two crosscaps. However, the proof left
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open the possibility of an alternate route, where we start with a triangular embedding of
K12s+8 −K2 and fill in the missing edge with a single crosscap. Ringel [Rin55] gave a proof
that no such embedding exists for s = 0.
Korzhik [Kor95] gave a complex index 2 construction for s ≥ 1, which we simplify signifi-
cantly using Jungerman ladders. Any triangular embedding of K12s+8−K2 is on a surface of
odd Euler characteristic, so it must be nonorientable; hence, any current graph construction
must make use of type 1 edges. Korzhik’s approach to sidestepping this additional difficulty
was to have a self-loop be the only edge of type 1, thereby confining where reverse behavior
occurs in the face boundary walk. Outside of the self-loops, all face boundary walks, in
particular inside the Jungerman ladders, are in normal behavior. Our constructions uti-
lize this same trick, as seen in Figures 15 and 16. While these triangular embeddings are
not the easiest path to determining the nonorientable genus of K12s+8, they are minimum
triangulations (in the sense of Jungerman and Ringel [JR80]) for the surfaces they embed
in.
3s−2 1
2 3s−1 3s+1
3s−1 2
6s+1 1 3s−2 3s+2
6s 3s+1
3
6s+1 6s+2
6s 6s+3
3
3s+2 6 6s−3
6s−3 6
6s+2
Z12s+6
+3
−3
y x
Figure 15: K12s+8 −K2, s even, s ≥ 2.
5.4 K12s+2 −K2
Jungerman [Jun75b] gave the first complete index 2 solution for Case 2 of the Map Color
Theorem using his namesake ladders. We give an alternate solution (Figures 17 and 18)
simpler than those of Jungerman, Ringel, and Youngs [Jun75b, RY69].
6 Concluding Remarks
Our main result is an orientable cascade solution to the irregular octahedral graphs, confirm-
ing a conjecture of Jungerman and Ringel [JR78] that was open for forty years. Plummer
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x
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Z12s+6
Figure 16: K12s+8 −K2, s odd, s ≥ 1.
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2 3s−1 3s−2 1
3s−1 2
6s−2 6s−26s−6 3 3 6s−6
6s−1 6s−3
6s−3 6s−1
Z12s
6s
6s
−3 +3
x
y
Figure 17: K12s+2 −K2, s odd.
and Zha [PZ98, PZ02] were interested in relationships between genus and connectivity, sin-
gling out the genus of these octahedral graphs as a special case that was still open. Besides
the octahedral graphs, we may also ask about the genus of all graphs on n vertices with
minimum degree n − 2, i.e., graphs where we delete a (not necessarily perfect) matching
from a complete graph. Little is known for this family of graphs, even when the matching
is of size 3 or 4. In Appendix B, we also compute the genus of K15 − 6K2 by finding an
orientable triangular embedding via computer search. This embedding and that of K12−C12
settles two unsolved cases in a characterization of Plummer and Zha [PZ98, Thm 2.4] on the
“g-unique” complete graphs. An independent proof of this fact was also given by Bokal et
al. [BBZ18].
Proposition 6.1. K10 and K12 − C12 are both graphs with vertex connectivity 9 and genus
4. K14 and K15 − 6K2 are both graphs with vertex connectivity 13 and genus 10. Thus K10
and K14 are not unique with respect to these parameters.
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Figure 18: K12s+2 −K2, s even.
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A K18
As mentioned earlier, Jungerman and Ringel [JR78] found orientable cascades for all the
regular cases of the genus of On, including the case n = 18. Remarkably, their current
graph, depicted in Figure 19, can be augmented with two handles that allow us to add the
nine missing edges. The log of the current graph is of the form
[0]. . . . 12 6 . . . 16 3 7 . . .
so there are faces of the form [0, 6, 12] and [3, 15, 9]. Merging these faces with a handle
and performing some edge flips adds six of the missing edges, as in Figure 20. The same
handle operation allows us to add the remaining missing edges (2, 11), (5, 14), (8, 17), except
after incrementing all the values in the diagram by 2 and omitting the edge flips.
3 5
4
6 8
2 1
7
3
Z18
A
A
Figure 19: An orientable cascade for O18.
3
15
9
12
6
0
0
16
3
7
6
4
9
13
12
10
15
1
Figure 20: Adding six of the missing edges with one handle.
Remark. Not only is this the first current graph-based construction of a genus embedding of
K18, but also that of a triangular embedding of K18 minus three edges. Previous solutions
for these cases [May69, Jun74] were found essentially by trial and error, either by hand or
by exhaustive search.
B Embeddings of some small graphs
All the embeddings presented here are orientable and triangular. To help with verifying the
latter, we note that some of these embeddings are of some index less than the number of
20
vertices. The embedding of K12−C12 is derived from the index 4 current graph in Figure 21.
All previous construction principles for index 2 current graphs apply, except for:
(O6′) If circuit [a] traverses arc e+ and circuit [b] traverses arc e−, then b − a ≡ α(e+)
(mod 4).
For more information on index 4 current graphs, see Korzhik [Kor08].
0. 1 2 x y 5 4 z 6 3
1. 2 0 3 y 6 5 z 4
2. 3 x 0 1 4 6 y z 5
3. 4 x 2 5 y 1 0 6
4. 5 x 3 6 2 1 z 0
5. 6 x 4 0 y 3 2 z 1
6. x 5 1 y 2 4 3 0 z
x. 0 2 3 4 5 6 z y
y. 0 x z 2 6 1 3 5
z. 0 4 1 5 2 y x 6
Table 1: K10 − 3K2, a supergraph of O10.
0. 8 5 9 4 2 6 3 7 10
1. 5 8 4 9 3 10 6 11 7
2. 6 0 4 11 8 10 5 7 9
3. 7 0 6 8 11 5 10 1 9
4. 0 9 1 8 6 10 7 11 2
5. 9 0 8 1 7 2 10 3 11
6. 10 4 8 3 0 2 9 11 1
7. 11 4 10 0 3 9 2 5 1
8. 4 1 5 0 10 2 11 3 6
9. 1 4 0 5 11 6 2 7 3
10. 2 8 0 7 4 6 1 3 5
11. 3 8 2 4 7 1 6 9 5
Table 2: K12 − C12.
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53
53
6 2
2 2
5 3
[1]
[3]
[2] [0]
Figure 21: An index 4 current graph generating a triangular embedding of K12 − C12.
0. 1 2 w 3 x 4 5 7 8 y 9 z 10 11
1. 0 11 4 9 10 3 w 5 y 8 z 6 x 2
2. 0 1 x 7 6 4 y 5 z 9 11 3 10 w
3. 0 w 1 10 2 11 y 4 z 8 6 7 5 x
4. 0 x 8 7 w 9 1 11 z 3 y 2 6 5
5. 0 4 6 z 2 y 1 w 8 10 9 x 3 7
6. 1 z 5 4 2 7 3 8 9 w 10 y 11 x
7. 0 5 3 6 2 x 9 y 10 z 11 w 4 8
8. 0 7 4 x 10 5 w 11 9 6 3 z 1 y
9. 0 y 7 x 5 10 1 4 w 6 8 11 2 z
10. 0 z 7 y 6 w 2 3 1 9 5 8 x 11
11. 0 10 x 6 y 3 2 9 8 w 7 z 4 1
w. 0 2 10 6 9 4 7 11 8 5 1 3
x. 0 3 5 9 7 2 1 6 11 10 8 4
y. 0 8 1 5 2 4 3 11 6 10 7 9
z. 0 9 2 5 6 1 8 3 4 11 7 10
Table 3: O12 +K4.
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0. 1 9 14 10 6 12 7 13 3 11 2 4 8 5
1. 0 5 14 11 10 4 13 8 12 6 3 7 9
2. 0 11 8 14 13 5 7 3 9 6 10 12 4
3. 0 13 14 12 8 10 5 9 2 7 1 6 11
4. 0 2 12 5 11 7 14 6 9 13 1 10 8
5. 0 8 9 3 10 7 2 13 11 4 12 14 1
6. 0 10 2 9 4 14 8 13 7 11 3 1 12
7. 0 12 9 1 3 2 5 10 14 4 11 6 13
8. 0 4 10 3 12 1 13 6 14 2 11 9 5
9. 0 1 7 12 13 4 6 2 3 5 8 11 14
10. 0 14 7 5 3 8 4 1 11 13 12 2 6
11. 0 3 6 7 4 5 13 10 1 14 9 8 2
12. 0 6 1 8 3 14 5 4 2 10 13 9 7
13. 0 7 6 8 1 4 9 12 10 11 5 2 14 3
14. 0 9 11 1 5 12 3 13 2 8 6 4 7 10
Table 4: K15 − 6K2.
0. 1 5 12 10 2 14 16 6 11 y 15 z 17 4 8 13 7 w 3 x
1. 0 x 16 w 12 7 3 11 17 15 13 6 14 2 z 4 y 8 9 5
2. 0 10 4 6 8 7 12 16 15 9 w 5 x 3 13 y 17 z 1 14
3. 0 w 14 9 11 1 7 5 15 8 4 z 6 y 10 16 17 13 2 x
4. 0 17 11 w 7 x 5 9 16 14 12 6 2 10 15 y 1 z 3 8
5. 0 1 9 4 x 2 w 16 11 13 15 3 7 17 10 6 z 8 y 12
6. 7 11 0 16 8 2 4 12 17 y 3 z 5 10 14 1 13 w 9 x
7. 6 x 4 w 0 13 9 17 5 3 1 12 2 8 z 10 y 14 15 11
8. 6 16 10 12 14 13 0 4 3 15 w 11 x 9 1 y 5 z 7 2
9. 6 w 2 15 17 7 13 11 3 14 10 z 12 y 16 4 5 1 8 x
10. 6 5 17 w 13 x 11 15 4 2 0 12 8 16 3 y 7 z 9 14
11. 6 7 15 10 x 8 w 4 17 1 3 9 13 5 16 12 z 14 y 0
12. 13 17 6 4 14 8 10 0 5 y 9 z 11 16 2 7 1 w 15 x
13. 12 x 10 w 6 1 15 5 11 9 7 0 8 14 z 16 y 2 3 17
14. 12 4 16 0 2 1 6 10 9 3 w 17 x 15 7 y 11 z 13 8
15. 12 w 8 3 5 13 1 17 9 2 16 z 0 y 4 10 11 7 14 x
16. 12 11 5 w 1 x 17 3 10 8 6 0 14 4 9 y 13 z 15 2
17. 12 13 3 16 x 14 w 10 5 7 9 15 1 11 4 0 z 2 y 6
w. 0 7 4 11 8 15 12 1 16 5 2 9 6 13 10 17 14 3
x. 0 3 2 5 4 7 6 9 8 11 10 13 12 15 14 17 16 1
y. 0 11 14 7 10 3 6 17 2 13 16 9 12 5 8 1 4 15
z. 0 15 16 13 14 11 12 9 10 7 8 5 6 3 4 1 2 17
Table 5: O18 +K4.
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